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On the PSU(4, 2)–invariant vertex–transitive strongly regular
(216, 40, 4, 8) graph
Dean Crnkovic´, Francesco Pavese and Andrea Sˇvob
Abstract
In 2018 the first, Rukavina and the third author constructed with the aid of a computer
the first example of a strongly regular graph Γ with parameters (216, 40, 4, 8) and proved that
it is the unique PSU(4, 2)–invariant vertex–transitive graph on 216 vertices. In this paper,
using the geometry of the Hermitian surface of PG(3, 4), we provide a computer–free proof
of the existence of the graph Γ. The maximal cliques of Γ are also determined.
Keywords: strongly regular graph; Hermitian surface; generalized quadrangle; projective
geometry.
1 Introduction
A strongly regular graph with parameters (v, k, λ, µ) is a (simple, undirected, connected) graph
with v vertices such that each vertex lies on k edges, any two adjacent vertices have exactly λ
common neighbours, and any two non–adjacent vertices have exactly µ common neighbours.
A generalized quadrangle of order (s, t) (GQ(s, t) for short) is an incidence structure (P,B,I)
of points and lines with the properties that any two points (lines) are incident with at most one
line (point), every point is incident with t+1 lines, every line is incident with s+1 points, and
for any point P and line ℓ which are not incident, there is a unique point on ℓ collinear with
P . An ovoid O of a GQ(s, t) is a subset of P such that each line of B is incident with a unique
point of O. For more information we refer the readers to [3].
There is a unique GQ(2, 2) and a unique GQ(4, 2). These are the incidence structures of
points and lines of the symplectic polar space W(3, 2) of PG(3, 2) and of the Hermitian surface
H(3, 4) of PG(3, 4), respectively. Moreover, W(3, 2) can be embedded in H(3, 4). In particular,
H(3, 4) contains 36 symplectic subquadrangles and two of them share either 3 or 6 points. An
ovoid of W(3, 2) is an elliptic quadric Q−(3, 2) and a symplectic quadrangle W(3, 2) possesses 6
elliptic ovoids.
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With the aid of a computer, in [1] the authors proved the existence of a strongly regular
graph with parameters (216, 40, 4, 8). The constructed strongly regular graph admits a vertex–
transitive action of the group PSU(4, 2). Using the geometry of the Hermitian surface of PG(3, 4),
in this paper we provide a computer–free proof of the existence of the PSU(4, 2)–invariant vertex–
transitive strongly regular graph Γ with parameters (216, 40, 4, 8) firstly constructed in [1]. The
vertices of the graph Γ are the elliptic ovoids of the symplectic subquadrangles of H(3, 4) and
two vertices are adjacent whenever the elliptic quadrics meet in exactly one point and their
symplectic subquadrangles meet in six points. In the last part of the paper, the maximal cliques
of the graph Γ are also determined.
2 The geometry of the Hermitian surface of PG(3, 4)
In this section we provide a description of some of the properties of the Hermitian surface of
PG(3, 4). For further information on the topic we refer the reader to [2].
Let H(3, 4) be a Hermitian surface of PG(3, 4), i.e, the incidence structure of all totally
isotropic points and totally isotropic lines (called generators) with respect to a (non–degenerate)
unitary polarity of PG(3, 4). It is a generalized quadrangle of order (4, 2) and its automorphism
group G is isomorphic to PΓU(4, q2). Let ⊥ be the non–degenerate unitary polarity of PG(3, 4)
which gives rise toH(3, 4). The Hermitian surfaceH(3, 4) contains 45 points. Any line of PG(3, 4)
meets H(3, 4) in either 1 or 3 or 5 points. The latter lines are the generators of H(3, 4), and
their number is 27. The lines meeting H(3, 4) in 3 points are called secant lines, whereas the
lines meeting H(3, 4) in one point are called tangent lines. Through every point P of H(3, 4)
there pass exactly 3 generators, and these generators are coplanar. The plane containing these
generators is the polar plane P⊥ of P . The tangent lines through P are precisely the remaining
2 lines of P⊥ incident with P . In this case, the plane P⊥ is also called the tangent plane to
H(3, 4) at P . If P /∈ H(3, 4) then P⊥ is a plane of PG(3, 4) meeting H(3, 4) in a non–degenerate
Hermitian curve. In this case, the plane P⊥ is also said to be secant to H(3, 4).
Let Σ be a subgeometry of PG(3, 4) isomorphic to PG(3, 2) and let W(3, 2) be the incidence
structure of all totally isotropic points and totally isotropic lines (called generators) with respect
to a (non–degenerate) symplectic polarity of Σ. It is a generalized quadrangle of order (2, 2)
with automorphism group PΓSp(4, q). Then, it consists of all the points of PG(3, 2) and of 15
generators. Through every point P ∈ Σ there pass 3 generators and these lines are coplanar. The
plane containing these lines is the polar plane of P with respect to the symplectic polarity which
defines W(3, 2). Such a polarity extends uniquely to a symplectic polarity ⊥˜ of PG(3, 4). The
symplectic quadrangle W(3, 2) is a subquadrangle of H(3, 4) if ⊥˜ ⊥=⊥ ⊥˜ = σ. In this case the
two polarities are said to be commuting and σ is a semilinear involution of PG(3, 4) stabilizing
H(3, 4) and the set of points fixed pointwise by σ coincides with Σ. In other word,⊥ and ⊥˜ induce
the same polarity on Σ. On the other hand, any Baer subgeometry of PG(3, 4) whose points are
contained in H(3, 4) arises from a symplectic polarity of PG(3, 4) commuting with ⊥. Let ℓ be a
generator of H(3, 4), then either ℓ ∩Σ is a generator of W(3, 2) or |ℓ ∩Σ| = 0. The stabilizer in
G of a subquadrangleW(3, 2) of H(3, 4) is a group G1, isomorphic to PSp(4, 2)⋊ 〈σ〉 ≃ S6⋊ 〈σ〉.
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In the dual setting, H(3, 4) corresponds to Q−(5, 2), and a symplectic subquadrangles of
H(3, 4) is a parabolic quadric Q(4, 2) obtained by intersecting Q−(5, 2) with a non–degenerate
hyperplane section. Two parabolic quadrics ofQ−(5, 2) meet in either a three–dimensional hyper-
bolic quadricQ+(3, 2) or a quadratic cone. It follows that there are 36 symplectic subquadrangles
embedded in H(3, 4) and two distinct symplectic subquadrangles of H(3, 4) meet in either 3 or
6 points. In the former case the points of intersection are on a generator of H(3, 4), while in
the latter case are those of H(3, 4) on two secant lines r and r⊥. If r is a line that is secant to
H(3, 4), then there are 3 symplectic subquadrangles of H(3, 4) such that they pairwise meet in
the six points of (r ∪ r⊥) ∩H(3, 4).
Lemma 2.1. Let W, W ′ be two symplectic subquadrangles of H(3, 4).
i) If |W ∩W ′| = 3, then there are twelve symplectic subquadrangles of H(3, 4) meeting both
W, W ′ in six points.
ii) If |W ∩W ′| = 6, then there are ten symplectic subquadrangles of H(3, 4) meeting both W,
W ′ in six points.
Proof. In the dual setting, W, W ′ correspond to two parabolic quadrics Q(4, 2), say P, P ′.
Moreover, a symplectic subquadrangle meeting both W, W ′ in six points corresponds to a
further parabolic quadric P˜ of Q−(5, 2) such that P ∩ P˜ and P ′ ∩ P˜ are three–dimensional
hyperbolic quadrics Q+(3, 2).
If |W ∩W ′| = 3, then P ∩P ′ is a quadratic cone of a three–dimensional space Π. The points
of Q−(5, 2) \ (P ∪ P ′ \ (P ∩ P ′)) are those in the tangent hyperplane H to Q−(5, 2) at the
vertex of the cone. Note that P ∩P˜ ∩Π = P ′∩P˜ ∩Π = P˜ ∩Π is either a conic or contains two of
the three lines of P∩P ′. However, the former case cannot occur since in a Q(4, 2) through a conic
there pass at most one hyperbolic quadric. On the other hand, in H there are six quadratic cones
meeting P ∩ P ′ in two lines and through each of these cones there are two parabolic quadrics
that necessarily meet both P and P ′ in a hyperbolic quadric, as required.
If |W ∩W ′| = 6, then P ∩P ′ is a three–dimensional hyperbolic quadric. As before, P˜ cannot
intersect P∩P ′ in a conic. Note that there is a third parabolic quadric meeting both P, P ′ exactly
in P ∩P ′. Moreover, if P is a point of P ∩P ′, then there are two lines of P ∩P ′ intersecting in P
and generating a plane σP . There are two three–dimensional hyperbolic quadrics, say Q and Q
′,
distinct from P ∩P ′, containing the two lines of σP and contained in P and in P
′, respectively.
The four–dimensional space 〈Q,Q′〉 meets Q−(5, 2) in a parabolic quadric. Varying the point P
in P ∩ P ′ the result follows.
An elliptic ovoid of W(3, 2) is an elliptic quadric Q−(3, 2) of Σ such that the lines of Σ that
are tangent to Q−(3, 2) are precisely the 15 generators ofW(3, 2). The stabilizer in G1 (or in G)
of an elliptic ovoid is a group G2 isomorphic to S5 ⋊ 〈σ〉. There are 6 elliptic ovoids of W(3, 2)
and any two of them have precisely one point in common. An elliptic quadric Q−(3, 2) of a Baer
subgeometry Σ of PG(3, 4) defines a unique symplectic quadrangleW(3, 2) of Σ. In this case we
will say that W(3, 2) is the symplectic quadrangle of Q−(3, 2). The group G1 acts transitively
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on the 60 non–ordered couples of distinct points of Σ such that the line joining them is not a
generator of W(3, 2) and through two such points there is exactly one elliptic ovoid of W(3, 2).
3 A strongly regular graph with parameters (216, 40, 4, 8)
Let V be the set of elliptic ovoids of the symplectic subquadrangles ofH(3, 4). From the discussion
above it follows that |V| = 216.
Definition 3.1. Let Γ be the graph whose vertices are the elliptic quadrics of V and two vertices
are adjacent whenever the corresponding elliptic quadrics meet in exactly one point and their
symplectic subquadrangles meet in six points.
Let E , E ′ be two elliptic quadrics of V and letW,W ′ be their symplectic subquadrangles. Let
Σ,Σ′ denote the Baer subgeometries containing W and W ′, respectively. If the subquadrangles
W,W ′ share exactly six points lying on two lines, say s and s⊥, then there is a third subquad-
rangle of H(3, 4), say W ′′, contained in the Baer subgeometry Σ′′, which intersects both W and
W ′ in the six points of (s ∪ s⊥) ∩H(3, 4). Then one of the following possibilities occur:
i) E and E ′ are adjacent and E ∩ E ′ is a point.
ii) E and E ′ are not adjacent and |E ∩ E ′| ∈ {0, 2}.
If the subquadranglesW,W ′ have in common three points of a generator, then E and E ′ are not
adjacent and |E ∩E ′| ∈ {0, 1}. Finally, ifW =W ′ then E and E ′ are not adjacent and |E ∩E ′| = 1.
Proposition 3.2. Let E , E ′ ∈ V. If E and E ′ are adjacent, then there are four elliptic quadrics
of V adjacent to both E and E ′.
Proof. Suppose that E , E ′ are two adjacent elliptic quadrics of V. Then E ∩ E ′ is a point and the
subquadrangles W,W ′ share exactly six points (s ∪ s⊥) ∩H(3, 4). Note that {s, s⊥} consists of
one secant line containing E ∩ E ′ and one external line to both E , E ′.
Let s ∩ Σ = {R,S, T}, E ∩ s = {R,S} and E ′ ∩ s = {S, T}. Let E˜ be an elliptic ovoid of a
symplectic subquadrangle W˜ of H(3, 4) adjacent to both E , E ′. Let Σ˜ be the Baer subgeometry
containing W˜ and let W ∩ W˜ = (t ∪ t⊥) ∩ H(3, 4) and W ′ ∩ W˜ = (u ∪ u⊥) ∩ H(3, 4), where
t, u are secant to E , E ′, respectively. Suppose by contradiction that |t ∩ (s ∪ s⊥)| = 0, then
|t⊥ ∩ (s ∪ s⊥)| = 0. Moreover, in this case necessarily |u ∩ (s ∪ s⊥)| = |u⊥ ∩ (s ∪ s⊥)| = 0.
Otherwise we would have that |W ∩ W˜| = |(t ∪ t⊥) ∩ H(3, 4)| + |u ∩ (s ∪ s⊥)| ≥ 7, which gives
a contradiction. Hence, (t ∪ t⊥) ∩H(3, 4) ⊂ Σ \ (s ∪ s⊥) and (u ∪ u⊥) ∩H(3, 4) ⊂ Σ′ \ (s ∪ s⊥).
In particular, t∩ Σ˜, t⊥ ∩ Σ˜, u∩ Σ˜, u⊥ ∩ Σ˜, s∩ Σ˜, s⊥ ∩ Σ˜ would be six pairwise disjoint lines of Σ˜,
which gives a contradiction. It follows that |t ∩ (s ∪ s⊥)| ≥ 1 and |u ∩ (s ∪ s⊥)| ≥ 1.
Firstly assume that |s∩Σ˜| = 3. Then t = u = s and W˜ =W ′′. In this case, since E∩E˜ ∈ W∩W˜
and E ′ ∩ E˜ ∈ W ′ ∩ W˜, we have that necessarily E˜ is the unique elliptic ovoid of W˜ meeting s in
the points R,T . Therefore, we find one member of V adjacent to both E and E ′ in this way.
Secondly, let us assume that |s ∩ Σ˜| = 1. Then t ∩ s = s ∩ Σ˜ and t ∩ s = u ∩ s, otherwise
|s ∩ Σ˜| = 3. Note that the nucleus of the conic E ′ \ s is R and the nucleus of E \ s is T . Indeed,
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if e is the unique external line of the Fano plane π = 〈E ′ \ s〉 ∩ Σ′ to the conic E ′ \ s, then
e⊥ = ST , since S, T are the only two points of E ′ not on π and therefore e⊥ ∩π = {R}. Suppose
by contradiction that u ∩ s = t ∩ s = {R}. Then u ∩ Σ′ is secant to E ′ \ s and R ∈ u, a
contradiction. A similar argument leads to u ∩ s = t ∩ s 6= {T}. Therefore, u ∩ s = t ∩ s = {S}.
Let γ be the Fano plane 〈u, t〉 ∩ Σ˜. Let ℓ be the line through S distinct from u and t such that
|ℓ∩ γ| = 3. Since ℓ∩ Σ˜ is tangent to E˜ , we have that ℓ∩ Σ˜, ℓ∩Σ′′, ℓ∩Σ′, ℓ∩Σ are generators of
W˜,W ′′,W ′,W, respectively, and ℓ is a generator of H(3, 4). Hence, ℓ ∩ s⊥ is a point, say Z. In
particular, W˜ ∩W ′′ = ℓ ∩ Σ˜ = ℓ ∩Σ′′. On the other hand, if ℓ is a line joining S with a point Z
of s⊥, then there is a unique symplectic subquadrangle W˜ of H(3, 4) meeting W ′′ in the three
points of ℓ ∩Σ′′. Using the Klein correspondence it can be seen that such subquadrangle meets
both W and W ′ in the six points of H(3, 4) that lie on two secant lines, one of them through S
and one of them through Z. One of the two secant lines through S meets E in two points and
has a further point, say Z1, while the other secant through S intersects E
′ in two points and has
a further point, say Z2. Since there is a unique elliptic ovoid of W˜ containing Z1, Z2, S we have
that there arise three members of V adjacent to both E and E ′ in this way.
Proposition 3.3. Let E , E ′ ∈ V and letW,W ′ be their symplectic subquadrangle. If |W∩W ′| = 3
and E and E ′ are not adjacent, then there are eight elliptic quadrics of V adjacent to both E and
E ′.
Proof. Suppose that E , E ′ are two non–adjacent elliptic quadrics of V, where W, W ′ have in
common the three points R,S, T of a generator ℓ. Thus |E ∩ E ′| ∈ {0, 1}. Let Σ˜ be the Baer
subgeometry containing a symplectic subquadrangle W˜ meeting both W, W ′ in six points and
let W ∩W˜ = (t∪ t⊥)∩H(3, 4) and W ′ ∩ W˜ = (u∪ u⊥)∩H(3, 4). Let E˜ be an elliptic ovoid of a
symplectic subquadrangle W˜ of H(3, 4) adjacent to both E , E ′. From Lemma 2.1 i), W˜ can be
chosen in twelve ways. Observe that the lines t, u lie in the plane
(
t⊥ ∩ u⊥ ∩ ℓ
)⊥
and t⊥, u⊥ in
the plane (t ∩ u ∩ ℓ)⊥. Particularly, W˜ is uniquely determined by two points of Σ ∩ Σ′ and two
lines secant to H(3, 4), namely t ⊂ W, u ⊂ W ′, that pass through one of the two points and are
contained in the tangent plane of the other.
E ∩ E ′ = {S}.
If one of the two points of Σ∩Σ′∩ Σ˜ is S, then without loss of generality we may assume that
t∩u = {S}. Then t, u are secant to E , E ′, respectively. Let t∩Σ = {S, T1, T2}, u∩Σ
′ = {S,U1, U2},
t ∩ E = {S, T1}, u ∩ E
′ = {S,U1} and t
⊥ ∩ u⊥ ∩ ℓ = {R}. It follows that R,S,U1, U2, T1, T2 are
six of the seven points of the Fano plane Σ˜ ∩R⊥ and the three generators through R are RT1,
RU1 and ℓ. Suppose by contradiction that U1, T1 ∈ E˜ . Thus it is not difficult to see that S ∈ E˜ ,
which is in a contradiction with the fact that |E ∩ E˜| = |E ′∩ E˜| = 1. Therefore, we get that E˜ has
to be the unique elliptic ovoid of W˜ containing the conic S, T2, U2. Among the twelve symplectic
subquadrangles given above there are four intersecting Σ ∩ Σ′ in {S,R}. Hence, there are four
elliptic quadrics of V that are adjacent to both E and E ′ arising in this way.
If none of the two points of Σ ∩ Σ′ ∩ Σ˜ coincides with E ∩ E ′, without loss of generality we
may assume that t ∩ u = {R} and t⊥ ∩ u⊥ = {T}. Since T 6∈ E ∪ E ′, we have that Σ ∩ T⊥ ∩ E ,
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Σ′∩T⊥∩E ′ are conics of W,W ′, respectively. Therefore, if W˜ is one of the four subquadrangles
intersecting Σ ∩ Σ′ in {R,T}, then exactly one of the following possibilities occurs: |t ∩ E| = 2
and |u ∩ E ′| = 0, |t ∩ E| = 0 and |u ∩ E ′| = 2, |t ∩ E| = 2 and |u ∩ E ′| = 2, |t ∩ E| = 0 and
|u ∩ E ′| = 0. In the first case since the unique point E˜ ∩ E belongs to t, we have that |t ∩ E˜| = 2
and R ∈ E˜ . It follows that |u∩ E˜| = 2. Therefore, |t⊥ ∩ E˜| = |u⊥ ∩ E˜| = 0 and |E ′ ∩ E˜| = 0, which
gives a contradiction. In the second case, a similar argument holds true. In the third case, let
t ∩ Σ = {R,T1, T2}, u ∩ Σ
′ = {R,U1, U2}, where the three generators through T are the lines
TT1 = TU1, TT2 = TU2, ℓ. In this case E˜ has to contain either T1 and U2 or T2 and U1. Similarly
if the fourth case occurs. Hence, there are four elliptic quadrics of V that are adjacent to both
E and E ′ arising in this way.
|E ∩ E ′| = 0.
The elliptic ovoid E of W has a point in common with ℓ∩Σ, say R. Analogously ℓ∩Σ′ ∩ E ′ is a
point, say T .
Let t∩ u = {R} and t⊥ ∩ u⊥ = {S}. Since S 6∈ E ∪ E ′, we have that Σ∩ S⊥ ∩ E , Σ′ ∩ S⊥ ∩ E ′
are conics of W, W ′, respectively. Among the four subquadrangles intersecting Σ∩Σ′ in {R,S},
there are two with the property that |t∩E| = 2 and |u∩ E ′| = 0, whereas the remaining two are
such that |t ∩ E| = 2 and |u ∩ E ′| = 2. In the former case, since |E˜ ∩ E ′| = 1 and E˜ ∩ E ′ ∈ u⊥, it
follows that S ∈ E˜ . Hence, |t⊥ ∩ E˜| = 2, which in turn implies |t∩ E˜| = 0. Therefore, |E ∩ E˜| = 0,
which gives a contradiction. If the latter case occurs let t∩Σ = {R,T1, T2}, u∩Σ
′ = {R,U1, U2},
u ∩ E ′ = {U1, U2}, t ∩ E = {R,T1}, where the three generators through S are ST1 = SU1, SU2,
ℓ. The unique elliptic ovoid of W˜ containing R and U2 or U2 and T1 has to contain T1 or R. It
follows that E˜ pass through R and U1 (hence T2 ∈ E˜). A similar argument applies if t∩u = {T}
and t⊥ ∩ u⊥ = {S}. There arise four elliptic ovoids of V adjacent to both E and E ′ in this way.
Let t∩u = {R} and t⊥∩u⊥ = {T}. In this case Σ∩T⊥∩E is a conic ofW and Σ′∩T⊥∩E ′ =
{T}. Hence |u ∩ E ′| = 0, t ∩ E = {R,Z}, |t⊥ ∩ E| = 0 and u⊥ ∩ E ′ = {T,Z ′}. Note that RT,RZ ′
and TZ are generators, hence E˜ has to contain Z and Z ′. Since there are four symplectic
subquadrangles meeting Σ ∩ Σ′ in {R,T}, we get four elliptic ovoids of V adjacent to both E
and E ′ in this way.
Proposition 3.4. Let E , E ′ ∈ V and letW,W ′ be their symplectic subquadrangle. If |W∩W ′| = 6
and E and E ′ are not adjacent, then there are eight elliptic quadrics of V adjacent to both E and
E ′.
Proof. Let E , E ′ be two non–adjacent elliptic quadrics of V, where W, W ′ have in common the
six points (s∪ s⊥)∩H(3, 4). Thus |E ∩ E ′| ∈ {0, 2}. Let Σ˜ be the Baer subgeometry containing a
symplectic subquadrangle W˜ meeting bothW,W ′ in six points and letW∩W˜ = (t∪t⊥)∩H(3, 4)
and W ′ ∩ W˜ = (u∪ u⊥)∩H(3, 4). Let E˜ be an elliptic ovoid of W˜ that is adjacent to both E , E ′.
From Lemma 2.1 ii), W˜ can be chosen in ten ways. Let s∩Σ = {R,S, T} and s⊥∩Σ = {R′, S′, T ′}.
If t = u = s, then W˜ = W ′′. In the remaining nine cases |Σ˜ ∩ s| = |Σ˜ ∩ s⊥| = 1. We will
assume that t ∩ u is a point of s and t⊥ ∩ u⊥ is a point of s⊥, i.e., t ∩ s = u ∩ s = t ∩ u and
t⊥ ∩ s⊥ = u⊥ ∩ s⊥ = t⊥ ∩ u⊥. The lines t, u lie in the plane
(
t⊥ ∩ u⊥ ∩ s⊥
)⊥
and t⊥, u⊥ in the
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plane (t ∩ u ∩ s)⊥ and hence the plane 〈t, u〉 contains s and the plane 〈t⊥, u⊥〉 contains s⊥. In
particular, W˜ is uniquely determined by a point of s and a point of s⊥.
E ∩ E ′ = {R,S}.
If W˜ =W ′′, then an elliptic ovoid of W˜ that is adjacent to both E and E ′ contains two points
of s and hence either passes through T and R or through T and S. Hence, there are two elliptic
ovoids of W˜ adjacent to both E and E ′ in this case.
Let W˜ 6= W ′′. Assume that t ∩ s /∈ E ∩ E ′, i.e., t ∩ s = {T}. Then t, u are external to E , E ′,
respectively, otherwise the plane 〈t, u〉 ∩Σ or 〈t, u〉 ∩Σ′ would have four points in common with
E or E ′, which is not possible. Therefore t⊥ and u⊥ are secant to E and E ′, respectively. Let
t⊥ ∩ E = {T1, T2} and u
⊥ ∩ E ′ = {U1, U2}, where TT1 = TU1 and TU2 = TT2 are generators.
Then an elliptic ovoid of W˜ that is adjacent to both E and E ′ either contains T1 and U2 or T2
and U1. Since there are three subquadrangles W˜ meeting s in T , there arise six elliptic quadrics
of V adjacent to both E and E ′ in this way.
If t ∩ s ∈ E ∩ E ′, then we assume without loss of generality that t ∩ s = {R}. The lines t, u
are secant to E , E ′, respectively. Let t ∩ Σ = {R,P1, Z1}, u ∩ Σ
′ = {R,P2, Z2}, t ∩ E = {R,P1},
u ∩ E ′ = {R,P2}. Hence, 〈t, u〉 ∩ Σ ∩ E = {R,S, P1} and 〈t, u〉 ∩ Σ
′ ∩ E ′ = {R,S, P2}, where
〈t, u〉 = T ′⊥. Note that necessarily the line P1P2 = TT
′ is a generator and E˜ does not contain both
P1, P2. Therefore, t∩E˜ = {R,Z1} and u∩E˜ = {R,Z2}, otherwise |E∩E˜| > 1 or |E
′∩E˜| > 1. On the
other hand, the three generators through T ′ are the lines T ′R, T ′P1 = T
′P2 and T
′Z1 = T
′Z2,
contradicting the fact that E˜ is an ovoid of W˜.
|E ∩ E ′| = 0.
In this case let E ∩ s = {R,S} and E ′ ∩ s⊥ = {R′S′}.
If W˜ =W ′′, and since |E ∩ E˜| = |E ′∩ E˜| = 1, we have that E˜ has to contain at least a point of
s and at least a point of s⊥. On the other hand {s, s⊥} consists of one secant and one external
line to E˜ , which gives a contradiction.
Let W˜ 6=W ′′. If t∩s /∈ E , then t∩s = {T} and t is external to E , otherwise |〈t, u〉∩Σ∩E| = 4.
Therefore, t⊥ is secant to E . If t⊥ ∩ s⊥ 6∈ E ′, since T ′⊥ = (t⊥ ∩ s⊥)⊥ = 〈u, t〉 then the planes
〈u, t〉 ∩ Σ, 〈u, t〉 ∩ Σ′ are secant to E , E ′, respectively. Moreover, the line u ∩ Σ′ is secant to
E ′, indeed the three lines of 〈u, t〉 ∩ Σ′ through T are s ∩ Σ′, u ∩ Σ′ and TT ′ ∩ Σ′, where the
latter is a generator of W ′. Since |E ′ ∩ E˜| = 1 and W ′ ∩ W˜ = (u ∪ u⊥) ∩ H(3, 4), the elliptic
ovoid E˜ contains one point of E ′ ∩ u and hence s is secant to E˜ . It follows that T ∈ E˜ and t
is secant to E˜ . Therefore, t⊥ is external to E˜ and |E ∩ E˜| = |t⊥ ∩ E ∩ E˜| = 0, which gives a
contradiction. We may conclude that t⊥∩s⊥ ∈ E ′. Without loss of generality let t⊥∩s⊥ = {R′}.
In this case the plane 〈u, t〉 ∩ Σ is secant to E and the plane 〈u, t〉 ∩ Σ′ is tangent to E ′ at R′.
The lines t, u are external to E , E ′, respectively. Hence t⊥, u⊥ are secant to E , E ′, respectively.
Let u⊥ ∩ E ′ = {R′, P} and t⊥ ∩ E = {Z1, Z2}. Since 〈t
⊥, u⊥〉 = T⊥, the lines TR′, TZ1 = TP
and TZ2 are the three generators through T . If R
′, Z2 ∈ E˜ , then P ∈ E˜ and |E
′ ∩ E˜| = 2, a
contradiction. Since P,Z2 are not both in E˜ , we have that E˜ has to be the elliptic ovoid of W˜
containing R′ and Z1. Varying t
⊥ ∩ s⊥ in s⊥ ∩ E ′ and interchanging the role of s and s⊥, we get
four elliptic quadrics of V adjacent to both E and E ′.
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If t ∩ s ∈ E and t⊥ ∩ s⊥ ∈ E ′, then we assume without loss of generality that t ∩ s = {R},
t⊥ ∩ s⊥ = {R′}. The line t is secant to E and t⊥ is external to E , whereas u⊥ is secant to E ′ and
u is external to E ′. Let t ∩ E = {R,P}, u⊥ ∩ E ′ = {R′, P ′}. Then the lines RR′, T ′R = T ′P ′,
TR′ = TP are generators. Note that the line PP ′ is not a generator, otherwise R′, P ′ ∈ P⊥ and
hence P⊥ = 〈P,R′, P ′〉. Since R⊥ = 〈R,R′, P ′〉, we would have u = R′P ′ = P⊥ ∩R⊥ = PR = t,
a contradiction. Let E˜ be the elliptic ovoid of W˜ containing P and P ′. Then t and u⊥ are secant
to E˜ and hence t⊥ and u are external to E˜ . It follows that |E ∩ E˜| = |E ′ ∩ E˜| = 1, as required.
Varying t ∩ s in s ∩ E and t⊥ ∩ s⊥ in s⊥ ∩ E ′, we obtain four elliptic quadrics of V adjacent to
both E and E ′.
Theorem 3.5. The graph Γ is a strongly regular graph with parameters (216, 40, 4, 8).
Proof. Firstly, let us we prove that Γ is a 40–regular graph. Let E be an elliptic quadric of V
and let W ⊆ Σ be its symplectic subquadrangle. Let s be a line that is not a generator of W
such that s ∩ Σ = {P,P1, P2} and s ∩ E = {P1, P2}. Let W
′ and W ′′ be the subquadrangles of
H(3, 4), contained in the Baer subgeometries Σ′,Σ′′, such that Σ ∩ Σ′ ∩ Σ′′ = Σ ∩ (s ∪ s⊥). An
elliptic ovoid O of W ′ or of W ′′ is adjacent to E if and only if it contains the points P and Pi,
i = 1, 2. Hence, there arise 4 elliptic ovoids of V that are adjacent with E . Varying the line s
among the 10 secant lines of E , we have that there are 40 elliptic ovoids of V that are adjacent
with E .
Let E , E ′ be two elliptic quadrics of V and let W,W ′ be their symplectic subquadrangle.
Assume that E and E ′ are adjacent. From Proposition 3.2, there are four elliptic quadrics of V
adjacent to both E and E ′.
Let us assume that E , E ′ are not adjacent. We claim that there are eight members of V
that are adjacent to both E and E ′. Let Σ˜ be the Baer subgeometry containing a symplectic
subquadrangle W˜ meeting both W, W ′ in six points and let W ∩ W˜ = (t ∪ t⊥) ∩ H(3, 4) and
W ′ ∩ W˜ = (u ∪ u⊥) ∩ H(3, 4). Let E˜ be an elliptic ovoid of a symplectic subquadrangle W˜ of
H(3, 4) adjacent to both E , E ′. We distinguish several cases. If |W ∩W ′| ∈ {3, 6}, we have that
from Proposition 3.3 and Proposition 3.4 there are eight elliptic quadrics of V that are adjacent
to both E and E ′. If W = W ′ and E ∩ E ′ = {S}, then t = u and S ∈ t. Indeed, a line ℓ of Σ
that is secant to E and does not contain S, has to be external to E ′. Hence, ℓ⊥ is external to E
and secant to E ′. Therefore, no elliptic ovoids of a symplectic subquadrangle of H(3, 4) meeting
W in (ℓ ∪ ℓ⊥) ∩ H(3, 4) is adjacent to both E and E ′. On the other hand, if t ∩ Σ = {R,S, T},
then there are two symplectic subquadrangles meeting W in (t∪ t⊥)∩H(3, 4) and each of them
has exactly one elliptic ovoid containing R and T . Since there are four lines through S that are
secant to both E and E ′, we have that there are eight members of V that are adjacent to both
E and E ′.
By construction, the vertices of the graph Γ are permuted in a single orbit under the action
of PSU(4, 2) ≃ O−(6, 2) ≃ PSp(4, 3) and hence the graph Γ coincides with the strongly regular
graph with parameters (216, 40, 4, 8) constructed in [1].
Corollary 3.6. The graph Γ admits PΓU(4, 2) as an automorphism group.
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4 The maximal cliques of Γ
In this section we determine the maximal cliques of the graph Γ. Let C be a maximal clique of
Γ. From Proposition 3.2, |C| ≥ 3. Hence, C contains three elliptic quadrics of V, say E , E ′, E ′′.
Let W ⊂ Σ, W ⊂ Σ′, W ′′ ⊂ Σ′′ be their symplectic subquadrangles.
Lemma 4.1. A maximal clique of Γ has size three.
Proof. It is enough to show that |C| ≤ 3. In the dual setting W,W ′,W ′′ correspond to three
parabolic quadrics P,P ′,P ′′ of Q−(5, 2) pairwise intersecting in a three–dimensional hyperbolic
quadric Q+(3, 2). Under the polarity associated with Q−(5, 2), the hyperplanes containing the
parabolic quadrics P, P ′, P ′′ are mapped to three points P1, P2, P3 ∈ PG(5, 2) \ Q
−(5, 2) such
that the line joining two of them is external to Q−(5, 2). We show that no further point P of
PG(5, 2) \ Q−(5, 2) has the property that the lines PPi, i = 1, 2, 3, are external to Q
−(5, 2).
If P1, P2, P3 are the points of a line ℓ external to Q
−(5, 2) and P is a further point of
PG(5, 2) \ Q−(5, 2) such that the lines PPi, i = 1, 2, 3, are external to Q
−(5, 2), then the
plane 〈P, ℓ〉 has no point in common with Q−(5, 2), which gives a contradiction. In this case
|W ∩W ′ ∩W ′′| = 6.
Suppose that 〈P1, P2, P3〉 is a plane. In this case Σ∩Σ
′ share the six points of (s∪s⊥)∩H(3, 4).
From the proof of Proposition 3.2, if s∩Σ = {R,S, T}, E ∩ s = {R,S} and E ′ ∩ s = {S, T}, then
E ∩ E ′ = E ∩ E ′′ = E ′ ∩ E ′′ = {S} and W ′′ is one of the three symplectic subquadrangles meeting
the line s in the point S, the line s⊥ in one of the three points of s⊥ ∩H(3, 4) and intersecting
both W, W ′ in six points. In the dual setting, if Q = P ∩P ′, the point S correspond to a line of
Q, say r, whereas the points of s⊥∩H(3, 4) correspond to the three lines Q intersecting r in one
point. The symplectic subquadrangle W ′′ correspond to one of the three parabolic quadric, say
Pj , j = 1, 2, 3, meeting Q in two intersecting lines one of which being r. Note that P
′′ coincides
with Pj , for some j, and the hyperplanes containing the parabolic quadrics Pj , 1 ≤ j ≤ 3, are
mapped to three points P3, P4, P5 ∈ PG(5, 2) \ Q
−(5, 2) such that the lines PiPj , 1 ≤ i ≤ 2,
3 ≤ j ≤ 5 are external to Q−(5, 2). Since the three hyperplanes containing Pj , 1 ≤ j ≤ 3, meet in
a plane π through the line r, we have that 〈P3, P4, P5〉 = π. Hence, the line PjPk, 3 ≤ j < k ≤ 5,
is not external to Q−(5, 2). In this case |W ∩W ′ ∩W ′′| = 2.
From the previous lemma and the proof of Proposition 3.2, the following result follows.
Proposition 4.2. The graph Γ has 1440 maximal cliques such that |W ∩ W ′ ∩ W ′′| = 6 and
4320 maximal cliques such that |W ∩W ′ ∩W ′′| = 2.
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